For a distance-regular graph with second largest eigenvalue (resp. smallest eigenvalue) θ 1 (resp. θ D ) we show that (θ 1 +1)(θ D +1) ≤ −b 1 holds, where equality only holds when the diameter equals two. Using this inequality we study distance-regular graphs with fixed second largest eigenvalue.
Introduction
In Jurišić et al. [8] , it was shown that for a distance-regular graph with diameter D at least two and distinct eigenvalues k = θ 0 > θ 1 > . . . > θ D , one has the following bound:
(For definitions see Section 2.) In this paper we show another bound involving the second largest and smallest eigenvalue, namely we show: (θ 1 + 1)(θ D + 1) ≤ −b 1 , where equality holds when and only when the diameter is equal to two (Theorem 3.6).
In order to show this new bound, we give some bounds on the second largest eigenvalue and smallest eigenvalue, respectively, in Section 3.
In Section 4, we determine the distance-regular graphs with diameter at least three and second largest eigenvalue at most two (Theorems 4.1 and 4.3). Also we show that, for a fixed integer m at least two, there are only finitely many distance-regular graphs with diameter at least three whose second largest eigenvalue lies in the half-open interval (1, m] (Theorem 4.2).
Definitions and preliminaries
All the graphs considered in this paper are finite, undirected and simple (for unexplained terminology and more details, see [3] ). Suppose that Γ is a connected graph with vertex set V (Γ) and edge set E(Γ), where E(Γ) consists of unordered pairs of two adjacent vertices. The distance d(x, y) between any two vertices x, y of Γ is the length of a shortest path connecting x and y in Γ.
Let Γ be a connected graph. For a vertex x ∈ V (Γ), define Γ i (x) to be the set of vertices which are at distance precisely i from x (0 ≤ i ≤ D), where D := max{d(x, y) | x, y ∈ V (Γ)} is the diameter of Γ. In addition, define Γ −1 (x) = Γ D+1 (x) = ∅. We write Γ(x) instead of Γ 1 (x) and we denote x ∼ Γ y or simply x ∼ y if two vertices x and y are adjacent in Γ. The adjacency matrix A of graph Γ is the (0,1)-matrix whose rows and columns are indexed by the vertex set V (Γ) and the (x, y)-entry is 1 whenever x ∼ y and 0 otherwise. The eigenvalues (respectively the spectrum) of the graph Γ are the eigenvalues (respectively the spectrum) of A.
For a connected graph Γ, the local graph ∆(x) at a vertex x ∈ V (Γ) is the subgraph induced on Γ(x) in Γ.
For a graph Γ, a partition Π = {P 1 , P 2 , . . . , P ℓ } of the vertex set V (Γ) is called equitable if there are constants β ij such that each vertex x ∈ P i has exactly β ij neighbors in P j (1 ≤ i, j ≤ ℓ). The quotient matrix Q(Π) associated with the equitable partition Π is the ℓ×ℓ matrix whose (i, j)-entry Q(Π) (i,j) is β ij (1 ≤ i, j ≤ ℓ). Note that the eigenvalues of the quotient matrix Q(Π) are also eigenvalues (of the adjacency matrix A) of Γ [6, Theorem 9.3.3] .
A connected graph Γ with diameter D is called distance-regular if there are integers b i , c i+1 (0 ≤ i ≤ D−1) such that for any two vertices x, y ∈ V (Γ) with d(x, y) = i, there are precisely c i neighbors of y in Γ i−1 (x) and b i neighbors of y in Γ i+1 (x). In particular, any distance-regular graph is regular with valency k := b 0 . Note that a non-complete, connected strongly regular graph is just a distance-regular graph with diameter two. We define a i := k − b i − c i for notational convenience. Note that a i =| Γ(y) ∩ Γ i (x) | holds for any two vertices x, y with d(x, y) = i (0 ≤ i ≤ D). For a distance-regular graph Γ and a vertex x ∈ V (Γ), we denote k i := |Γ i (x)|. It is easy to see that 
Suppose that Γ is a distance-regular graph with valency k ≥ 2 and diameter D ≥ 1. Then Γ has exactly D + 1 distinct eigenvalues,
, and the multiplicity of
is called the standard sequence corresponding to the eigenvalue θ ([3, p.128]). A sign change of (u i ) i=0,1,...,D is a pair (i, j) with 0 ≤ i < j ≤ D such that u i u j < 0 and u t = 0 for i < t < j. For a distance-regular graph Γ with diameter D and eigenvalues θ 0 >
It is known that θ 1 , θ 2 , · · · , θ D are exactly the eigenvalues of the matrix T (see for example [3, p.130] ).
Recall the following interlacing result. Theorem 2.2 (cf. Haemers [7] ) Let m ≥ n be two positive integers. Let A be an n × n matrix, which is similar to a (real) symmetric matrix, and let B be a principal m × m submatrix of A. Then, for i = 1, . . . , m,
holds, where A has eigenvalues
Some inequalities
In this section we will give some inequalities for the eigenvalues of a distanceregular graph. For a distance-regular graph Γ and a vertex x of Γ, the subgraph induced on the set Γ(x) ∪ {x} is denoted by ∆(x).
Theorem 3.1 Let Γ be a distance-regular graph with valency k at least three, diameter D at least three and distinct eigenvalues
Then the following hold:
Proof: Let x ∈ V (Γ). Then ∆(x) contains the equitable partition Π = {{x}, Γ(x)} with quotient matrix Q(Π) = 0 k 1 a 1 .
As Q(Π) has eigenvalues
, it follows that as an eigenvalue with multiplicity at least two, so by Theorem 2.2, it follows that θ 1 ≥
. This finishes the proof of the theorem.
For diameter three we need some more specific information on the eigenvalues.
Proposition 3.2 Let Γ be a distance-regular graph with diameter three and distinct eigenvalues
and θ 1 , θ 2 and θ 3 are the three eigenvalues of T . By Theorem 2.2, θ 2 lies between −1 and a 3 − b 2 . This shows (i).
(ii): By Theorem 2.2, we have θ 1 ≥ a 3 − b 2 ≥ θ 3 , but any eigenvector for θ 1 of T has only positive or only negative entries, and no zeroes (as T is tridiagonal and the proof of [3, Proposition 4.1.1] still applies). This shows
For any eigenvector for θ 3 of T has exactly two sign changes, so again 0 cannot occur in the eigenvector. This shows
We need to consider two cases:
where the first inequality holds by (ii) and the last inequality holds by θ 1 > 0. We obtain
and
Now we consider the case a 3 − b 2 > −1. As any connected graph, with at least two vertices, has smallest eigenvalue at most −1 with equality if and only if the graph is complete (as an edge has eigenvalues +1, −1 and Theorem 2.2),
where the last inequality holds by (ii). Then we obtain, in similar manner as above,
For a connected graph Γ, the distance-i graph Ω has vertex set V (Γ) and two vertices x and y are adjacent in Ω if they are at distance i in Γ. Now we will extend [3, Proposition 4.2.17] slightly. Proposition 3.3 Let Γ be a distance-regular graph with diameter three and distinct eigenvalues k = θ 0 > θ 1 > θ 2 > θ 3 . Then the following are equivalent: This means that by the Perron-Frobenius Theorem ∆(y) must be equal to Λ and hence is a connected component of Σ(x). This implies that, D = 4, c 4 = k, b 3 = 1 and a 1 = a 3 , as y is the only vertex with degree k in ∆(y). This concludes the proof.
Remark. An antipodal distance-regular graph with diameter four has second largest eigenvalue
and second smallest eigenvalue
, as these are the eigenvalues of its folded graph (which is strongly regular).
The following result is the main result in this section.
Theorem 3.6 Let Γ be a distance-regular graph with diameter D at least two, and distinct eigenvalues
k = θ 0 > θ 1 > . . . > θ D . Then (θ 1 + 1)(θ D + 1) ≤ −b 1
holds with equality if and only if the diameter D is equal to two.
Proof: Let Γ be a distance-regular graph with diameter D at least two.
For D = 2, it is well-known that θ 1 =
(see for example [6, p.220] ). So this shows that the theorem holds for D is equal to 2.
For D = 3, θ 1 + 1, θ 2 + 1 and θ 3 + 1 are the eigenvalues of the matrix
, by looking at the coefficient of the linear term in the characteristic polynomial of T + I. If
But the equality case can not hold by Proposition 3.3. Therefore the inequality follows in this case. For D ≥ 4, the inequality follows immediately from Theorem 3.1.
Remark. An antipodal distance-regular r-cover with diameter three satisfies (θ 1 + 1)(θ 3 + 1) = −b 1 r r−1
. De Caen, Mathon, and Moorhouse [5] constructed distance-regular antipodal 2 2t−1 -cover of the complete graph K 2 2t , i.e., with intersection array {2 2t − 1, 2 2t − 2, 1; 1, 2, 2 2t − 1}. This shows that we can not improve the bound for D = 3 in the above theorem. It is likely that the above inequality can be improved for larger diameter. and
. Now the corollary immediately follows from Theorem 3.6, as the local graph is not complete (D ≥ 3).
Distance-regular graphs with fixed second largest eigenvalue
In this section we look at distance-regular graphs with diameter at least three and fixed second largest eigenvalue θ 1 . First we will look at the case when θ 1 ≤ 1 and show that then the graph must be a K n,n in which a perfect matching is removed. Moreover, we will show that, for a fixed integer m at least two, there are only finitely many distance-regular graphs with diameter at least three and valency at least three such that its second largest eigenvalue is between 1 and m. We conclude this section by determining all the distance-regular graphs with diameter at least three, valency at least three and second largest eigenvalue at most two. Note that the situation for distance-regular graphs with diameter at least three is completely different from the situation for strongly regular graphs, as for every positive integer m there are infinitely many connected strongly regular graphs with second largest eigenvalue m.
First we look at the case θ 1 ≤ 1:
Theorem 4.1 Let Γ be a distance-regular graph with valency k at least three, diameter D at least three and distinct eigenvalues k = θ 0 > θ 1 > . . . > θ D satisfying θ 1 ≤ 1. Then Γ has diameter three and is the graph K k+1,k+1 in which a perfect matching is removed.
Proof: As k ≥ 3, it follows that
, and hence D = 3 and 1 ≥ θ 1 ≥ a 3 hold by Theorem 3.1. If a 3 = 1 holds, then θ 1 = 1, which is impossible by Lemma 3.4. Hence we obtain a 3 = 0. Then, θ 0 θ 1 θ 2 θ 3 = b 2 k 2 , as θ 0 , θ 1 , θ 2 and θ 3 are the eigenvalues of
. This show that Γ is bipartite and θ 2 = −b 2 . Now, it follows from Proposition 3.3 that b 2 = 1 holds. This shows the theorem.
Now we consider the case when θ 1 is more then 1, but at most a fixed positive integer at least two.
Theorem 4.2 Let m ≥ 2 be an integer. Then there are finitely many distance-regular graphs with valency k at least three, diameter D at least three and distinct eigenvalues
Bang et al. [1] showed that there are finitely many distance-regular graphs with valency k such that 3 ≤ k ≤ m 2 . So we may assume that θ 1 <
and hence D = 3 and m ≥ θ 1 ≥ a 3 hold by Theorem 3.1. First we consider the case that Γ is not bipartite. Then, by Theorem 3.6, we obtain (
holds. Let y and z be two vertices at distance two, and let x be a common neighbor of y and z. Then
and hence
. This implies
. Recal that m i is the multiplicity of θ i (i = 0, 1, 2, 3).
, θ 2 < θ 1 ≤ m and (m 3 − 1)(m 3 + 2) ≥ 2k (as Γ is not bipartite (cf. [3, Theorem 5.3.2] )) this implies 0 < k
) 3 (where v = |V (Γ)|). This means that k is bounded above by a polynomial in m. So this shows the theorem in case when Γ is not bipartite. The remaining case is when Γ is bipartite and D = 3. In this case θ 1 = √ b 2 and hence 2 ≤ b 2 ≤ m 2 . Now for a fixed number b 2 ≥ 2, we know that k − b 2 divides k(k − 1) (as k 2 is an integer) and this implies
This completes the proof of the theorem. Now we will determine the distance-regular graphs with dameter at least three, valency at least three and whose second largest eigenvalue is more then one but at most two. Table 1 below.
Proof: The (intersection arrays of) distance-regular graphs with valency three and four were classified by Biggs et al. [2] and Brouwer and Koolen [4] , respectively. By checking them, we obtain the intersection arrays 1-3,13-19 and 23. So we may assume that k ≥ 5 in the rest of the proof. This means
as θ 1 ≤ 2 and hence D = 3 and 2 ≥ θ 1 > a 3 by Theorem 3.1 (iii) and Lemma 3.4. So this implies that a 3 ∈ {0, 1}. Now we consider two cases, namely b 2 = a 3 and b 2 = a 3 . Suppose first that b 2 = a 3 . In this case we will show that k ≤ 12. Note that b 2 = a 3 implies b 2 = a 3 = 1 (as b 2 ≥ 1) and as θ 1 , θ 2 and θ 3 are eigenvalues of T we find θ 1 θ 2 θ 3 = c 2 > 0 and −1 ≤ θ 2 < 0. Because
is an integer, it follows k − 1 divides kb 1 , and hence b 1 = k − 1. Now by Theorem 3.6, we have
. This gives us
. If k ≥ 11, then k 3 ≤ 4 and, as Γ is not antipodal, we see k ≤ k 3 (k 3 − 1) ≤ 12, by [3, Proposition 5.6.1]. So, if b 2 = a 3 , then k ≤ 12 holds. Now we consider the case that b 2 = a 3 . This implies that b 2 > a 3 , as a 3 ≤ 1. We will show that k ≤ 25 holds in this case. Since −1 ≥ θ 2 ≥ a 3 − b 2 (Proposition 3.2(i)), 1 < θ ≤ 2, and θ 1 θ 2 θ 3 = k(b 2 − a 3 ) + a 3 c 2 hold, we find θ 3 ≤ −k/2. We will now show that, m 3 ≥ k/2 or Γ is bipartite, hold. To do so, we assume m 3 < k/2. Then [3, Theorem 4.4.4] implies that
is an integer. Since −1 ≥
and k ≥ 5 holds, we obtain = 1 is an eigenvalue of any local graph ∆(x) with multiplicity more then k/2. But this implies that a 1 = 1, but this gives a contradiction as then 1 has exactly multiplicity k/2 in ∆(x). So we have shown that Γ is bipartite or m 3 ≥ k/2.
Let us first consider the case that Γ is not bipartite. Then the number of vertices is bounded above by 2k 2 as k 2 ≤ k(k − 1) and k 3 = must be an integer and this implies k ≤ 16. In conclusion, we obtain that if k ≥ 5, then D = 3 and k ≤ 25. By computer checking, we find that the arrays 4-12 and 20-22 in Table 1 
